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As gold which he cannot spend
will make no man rich,
so knowledge which he cannot apply
will make no man wise.
Samuel Johnson: The Idler No. 84
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Learning Objectives e vk

A To know some Graph Theory
iTerminology network defin
ATo understand the minimal spanning tree (MST)
1 To know the solution procedure
i To state it as a Mathematical Program
i To be aware of typical MST applications
ATo create algorithms
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A Graph Theory ./g,,‘
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A Applications
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Node 1

A Node= vertex
i Citiestransshipmenfpoints, airports, warehouses, ...

EEX

Arc
Terminology

MBAR

pe—

A Arc= directed edge

1 R(d)ads, rails, airline routes, ...
Nodei
tail

el head nodej
1 (i,j) emanatesirom i and

1 (i,) terminatesin j

i (i,j) isincidentto i andj

T (i,j) isanoutgoingarcof i
1 (i,j) isanincomingarcof j
i If there is(i,j) the nodei andj are adjacent

Autumn 2016 MLESCM

FIOW MBAH)
i Products, freight, intermodal containers, passengers,
vehicles, materials, goods ...
iQuantity, weight, cost, di g
ow
a2 Node 2
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Graphs & networks

Flow

Node 1
=

1 directed graphG = (N, A)

A consists of a set of nodééand arcsA
i directed network

i subgraphG’=(N’, 4°)
Aif 6 @06 andd PO

1 spannningsubgraph

Aif 6 0Gandd PO

arc (L 2) Node 2

Als a directed graph and nodes and/or arcs have associated numerical values

MBAH)

Winter 2016

Network example

1 Four noded\, five arc andfive flowsW.
1 0 L o n dnode ®, termedrigin or source

Network 2°'of Railroad  routes

MBAH)

1 Arcs identified by beginning and ending node numbers.
I Fl ow assigned to each arc (d

Munich
2 London, Munich, Paris, Rome
4 6 7 A =
London Rome / ///
7) © N={1,234}
FA=<(1,2),(1,3).(2,3), (2.4, 3. 4>
3 I W=<4373%65>
Paris

Node Degrees

A degree= outdegree+indegree

adxy
wkai University | MBAF

Nank

What is theoutdegreeof A?
What is Iutdegreeof B?
2

What is theindegreeof B?
What is th.edegree of B?
3

A outdegree= #outgoing arcs Is the sum of alhdgreesthe same
A indegree= #incoming arcs as the sum of abutdegree®

yes
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Walks & paths

A Awalkis a sequence of nodes and arcs
N;-a,-Ny-8,-X-N, 4-a,.4-N;, such that
nodes and arcs aresaubgraphof (N,A)

A Apathis a walk without any repetition
of nodes.

B

IsAv-Gh-Eb-a-Gf-F
awalk or path?
walk

Is Aw-D-e-Fd-G
"| awalk or path?
walk and path

Winter 2016
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Connected ok

ATwo nodes areonnectedn a graph, if there is
at least one path from nodgeto nodej.

A Agraphis connectedf every pair of nodes is
connected.

P = ”

NS D STt

Aand F are connected Graph not connected

}' Lz

Cycles

= Ng

MBAHD

A Acycleis a closed path of positive length. A cycle is a
pa)lth n, ¢ n, - X - n, together with the ardn, n,) or (n,,
ny).

A A graph isacyclicif it contains no cycles.

B \\

FAREN
SN

Binary tree is acyclic

ABEGA is a cycle

Dr. Wolfgang Garn
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Forests& trees

AAforestis an acyclic graph. A graph that
contains no cycles is a forest. A forest is a
collection of trees.

AAtreeis an acyclic connect graph. A tree is a
connect graph that contains no cycles.

Winter 2016
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Graph Theory examples
Node 1
0}7’
A Communication Networks prets?) Node 2
i Nodes: Telephone exchanges, routers, satellites, computers,

i Arcs: Cablessiberoptic links, wireless connections
TFl ow: Dat a, Vi deo, “voice”

A Computer & Electrical circuits

i Nodes: Processors, gates, registers, intersections, ...
1 Arcs: Wires, resistors, capacitors, inductors, ...

i Flow: electrical current

A Hydraulic Systems
1 Nodes: Lakes, reservoirs, pumping stations

1 Arcs: pipelines

i Flow: water, gas, oll, ...

ha kY

2oy

MBAHD

Contents

A Graph Theory
A Minimal Spanning Tree

A Applications
e,

Dr. Wolfgang Garn



Modern Logistics & Supply Chain Management Winter 2016
Supply Networks - MST

'}-f.‘»l P3 f

High Speed rail network *

ATrains
1 400m long; 1,100 seats;
i 250mph (124mph~200km/h)

A Network
i Distancesseveral 100 miles
i Times: <k hours

i Cost £42.6bn[June, 2013]
A £14.4bn contingency

Sources: Guardian , BBC, Gov.uk

MBAHL

MST Problem Specification

A All nodes have to be connected via edgesh that
the total length of used edges is minimised.
25

Rail Network

N
E
w

}' al £ »f
MST-Finding a solutiof1/G) s | e
A Start with any node in the network and select
the closest node to join the spanning tree.

Spanningdlree with Nodes 1 and 3

12014
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http://www.hs2.org.uk/about-hs2/facts-figures/route-trains-cost
http://www.theguardian.com/uk-news/2014/oct/27/what-is-hs3-proposed-sub-penning-rail-line-explained
http://www.bbc.co.uk/news/uk-16473296
https://www.gov.uk/government/policies/developing-a-new-high-speed-rail-network
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SpanningTree with Nodes 1, 3, and 4

}' Ax¥

Z
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Continue to select the closest node not presently in the speg®in,

SpanningTree with Nodes 1, 2, 3, and 4

%‘ A £ »:7
a1 Univers: MBAHD

Continue to select the closest node not presently in the speging

SpanningTree with Nodes 1, 2, 3, 4, and 5

Dr. Wolfgang Garn 7
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Continue to select the closest node not presently in the spanning|

SpanningTree with Nodes 1, 2, 3,4, 5, and 7

N
“
%

Nankai University | MBARuD

Optimal Solution

Minimal Spanning Tree for Riil network

A Ak
MST-a solutionprocedure

MBAHD

1. Select any starting node (usually node 1)

2. Add the node closest to the starting node to
form a tree

3. Select the closest node

Afrom the remaining nodes that is not in tiieee
Aand does not form a cycle

4. Repeat step 3 until all nodes are connected

Advantage: simple to formulate
Disadvantage: Step 3 is inefficient, because distances have to be repeatedly sorted

Dr. Wolfgang Garn
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1. Sortarcs by distances , o yees

from to_distancel o o astance siep Tred
5 8 & 5 Bgow 1
3 9 # \ 3 9gow 2

14

14

24 124 Sy~ w3

67

3 4 15
22 1

4.6 17

47 19

SNel 22

2 5| 25
4 35

Shows how the algorithm forms naturally clusters

¥
MST-Kr u s dppréachs 1177 .,
(in words)
1. Sort all edges
2. Go through sorted edge list
A i.e. take edge from top not used yet
3. Add the edge if no cycle is formed
4. Stop when all nodes are connected, otherwise
continue with 2
Advantage:
A Efficient algorithm,
A“Natural” clustering procedure
Hax¥
Kruskal Step 1 sort edges B
Arcs 1. Sort arcs by distances
from to distance] from to distance]
16 5 8
9 3 9 |
35 2 4 12
2 4l 12 4 5| 14
250l 25 6 7 14
3 4l 15 3 4/ 15
el 22 a2 16
450 14 4 6l 17
afEll 17 Al 10
A0l 19 3Nelll 22
5 8 2 sl 2s
ol 14 |
Quicksort is one of the fastest and most popular sorting algorithms
. A« ¥
Kruskal-go through edge list - e

Dr. Wolfgang Garn




Modern Logistics & Supply Chain Management Winter 2016
Supply Networks - MST

Kruskal-continue iterating  #4+%

through the edges

1. Sort arcs by distances 2. Growireed

from to_distance) o o cistance step Tred
5 8 E Soow 1
3 9 | 3 ogow 2

*

L)

2 4 12 §

4 s 14 %

67 14 %

3 4 15 %
a2 16
4.6 17
457 19
36l 22
2 5 25
| T

Note that if edge (4,6) would have the distance 14.5,
t h"¢'H“adding the edde"would form the cyc

%
Kr u s éxample summary: g
1. Sort arcs by distances 3. Continue growing trees
from to distance] from to_distance Step Tree  Nodes
5 8 5) 8 grow tree 157
3 9 3 9 grow tree. 213
2 4 12 grow tree 324
2 4 12
s 14 2. Grow trees 4 5] 14combine 13>>12457
o7 1 from to_distance Step Tree] 67 14 grow tree, 1245,
Al 5/ 8grow 1 3 4 15 combine 2,1>>11234586,7
Ics 3 4 15 3 o 5
from to_distancell] 1) METY grow | T
16 46 17 2 4 12grow 3 46 17
3l o JEE 10 ;.5 - a1
35 36 22 P = 36 22
12 25 25 2 sl 25
4

=

NaSovosas s
Eob

LI SISFRPRPT

»

}' al £
MST algorithm Sl | me

oy

A Input: Network (V, E, w)
1 connected graph witlm nodes anch edges 1
1. Edge orderind2HQ FE FQ such thaty ‘Q
0(Q) E 0(Q)80 rhQ p
2. If'0 (of0 © {Q})is acyclic, theid h
‘O ° {Q}, otherwiseO h 'O
3. If[0] & p,stop,(fO )is a spanning tree.
Otherwise’Oh Q p, and return to step 2

Source: Integend combinatorial optimizatien
NemhauserGeorge L., Wolsey, Laurence A. c1988 (1.3.
) ML&SCM
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MST Algorithm (acyclic) » o ke
INPUT: weighted arcs A K,,r u S,'Algdmﬁm (1956);
) . . Dijkstra introduced a
OUTPUT : minimal spanning tree T solution in 1959

A = sort, A sort acrs by increasing weight

V te N:T'= (T} :=t, T4 :=0) each node is a tree

i:=0 arc index
k:=0 number of found arcs

while k < |N|—1 not all arcs are found

i:=1i+1 increment arc index

T I‘i-/} 71 A; find tree(s) including arc nodes
I| =2= if two trees then
Th = Th UT2 U A;. join the trees
T"2 := () destroy not needed tree
k:=k+1 increment number of found arcs
MST and LP -y
A® ... -Dvariable whether ard,)) is selected as part
of the MST
AMinimizeB . & @
A SUbleCt to exponential
number of

'I'BFIN()O £ p,

constraints
Acardinality constraint, exactly-h arcs e/
iBiv ® ['Y pforanysS of nod

A“packing” constraint, ensure

MBAHD

Contents

A Graph Theory
A Minimal Spanning Tree
A Applications
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I 4. hdry
Application— Access Network: -« s

Echsenbach

Optimal trenching an|
cabling
- Trenching 80% of cos

Green field approach

MLESCM

Application-Access Network i

MBAR

transition net TN
— ,,/ fixed net \‘
/ \

switched‘net

= - B —/
distibut
:":.:-ff.mr)m switched net

g
sch
Ak
Kai University | MBABPM)

Rail network
7 AN SN I, i}

AWhat is the minimal requiredonfiguration?

mn 2016 MLESCM 36
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Recent applications =

NEWS

= e news, ol ettt e e

UK weather: 220,000 homes without pawer P ¢
scross England s Storm St Jude tashes

Ha k¥

g

MBAH)

AWhat's the
effective way to re
establish the electrical
network?

Winter 2016

Social networks

MBAH)

Six degrees afeparation

BarabasiAlbertLaszI6 2003.

Linked How Everything is Connected to Everything Else and
ind Everyday Life.

Recap-“t he

AWhat is a graph?
T Nodesand Arcs
i TV network
AWhat is a network?
iA graph and

5

AxLz
end imseon e

e

arcs have val

i National grids, telecommunication, social networks
A What is a minimal spanning tree?

i“The | east

number of arcs

nodes and minimises the t

Dr. Wolfgang Garn
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http://www.mirror.co.uk/news/uk-news/uk-weather-220000-homes-without-2648837
http://www.mirror.co.uk/news/uk-news/uk-weather-220000-homes-without-2648837
http://en.wikipedia.org/wiki/Six_degrees_of_separation
http://en.wikipedia.org/wiki/Six_degrees_of_separation
http://www.nd.edu/~alb/
http://www.nd.edu/~networks/Linked/index.html
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The End Nakat University | MBAHUD

A Any questions?
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Defintions

Nodesare natural numbers.

Anarcis an ordered pair of nodes.

Anedgeis an unordered pair of nodes.

Adirect graphconsists of a set of nodes and a set of arcs whose elements are ordered pairs
of distinct nodes.

Anundirectgraphconsists of a set of nodes and a set of arcs whose elements are unordered
pairs of distinct nodes.

Awalkis a sequence of nodes and amgsa;-n,-a,-X-n, ;-a,.,-n;, suchthat nodes and arcs are
asubgraphof (N,A)

Apathis a walk without any repetition of nodes.

Two nodes are connected in a graph, if there is at least one path fromirtodede].

Agraphis connected if every pair of nodes is connected.

Acycleis a closed path of positive length. A cycle is a pathn, - X - n, together with the

arc(n, m) or (n, ).

A graph iscyclicif it contains no cycles.

A{forest\s an acyclic graph. A graph that contains no cycles is a forest. A forest is a collectior]
of trees.

Atreeis an acyclic connect graph. A tree is a connect graph that contains no cycles.

B Dol BeTeBed Do Do DedeoDode
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